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Question 1 [15 marks] 


(a) Prove that 
V x (Wu) =0, 


where ~ is a scalar vector field defined on 2 C R? and w(z,y, z) € Cl(Q). 


(b) Give a definition of a conservative field. 


(c) Find a potential for the conservative vector field 


1 ze e 
F = 2rcos0# + —(sindcosé — r? sin 0) 6 + me ~. 
if r 
(d) For the vector field 
G=pp+psindd+pk 
in cylindrical polar coordinates find V-G, and V x G. 
Question 2 [15 marks] 


(a) Give a precise statement of Gauss’ divergence theorem. 


(b) Use the divergence theorem to evaluate 


[[ Fs. 


where F = ryt — sy" j + <k and the surface consists of the three surfaces, 


z=4—- 327 —3y? ,1<2z<4o0n the top, 7? +y? =1,0< z< 1 n the sides and 


z = 0 on the bottom. 


(c) Use the Stokes theorem to evaluate 
If x (it 25 -—y'k)-dsS, 
s 


where S is the part of the surface z = 4 — x7 — y?, z > 0. 
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Question 3 [15 marks] 


(a) Let the velocity vector of a fluid be given by v = costa +sintj. Find 


(i) The pathlines. 


(ii) The streamlines. 


(b) Consider a homogeneous atmosphere of height h above a horizontal surface. The 
atmosphere is assumed to be an ideal gas satisfying the equation of state p = Cy’, 
where p is the pressure, js is the density, and C’ is a constant. Assume that the 
atmosphere is in hydrostatic equilibrium and that the only body force is gravitation 
( F = —gk, per unit mass, where k is the vertical unit vector). Find the pressure 


as a function of z, the height above the horizontal surface. 


Question 4 [15 marks] 


(a) The function f(x) is a periodic function defined on the whole of R with period 27, 


such that f(x) = x? on the interval (—7,7). Define the Fourier series for f(x). Does 
f(x) satisfy the conditions of the Dirichlet theorem? 


(b) Prove that the Fourier transform of the derivative of a function, f(g ), is 


fie) Some ©). 


Use integration by parts. Note that f(x) € L1(R), hence lim f(x) = 0. 


L—-=0CO 


Information Section is on page 4. 
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Information Section 


Spherical Polar coordinates (r, 0, ¢). 


OF xe, Of de OF 
Me on : 06. ' rsind 0g 
- 2. OA, | cot 0 10Ap 1 OAg 
Vie = oe Or or Ag 4 r 00° rsin@ Od 
> 670 rsind@ 
VxA = : Oy a ee 


resing | ar 00 a¢ 
A, rAg rsinOAg 


The volume element is dV = r? sin 0dr dé dé 


Cylindrical Polar coordinates (p, ¢, z). 


Of i LOR a: OF 
Na ppt 5 on ' Oz 


vB = Be, 2By , 10By | OB. 
p Opp Oo Oz 
P pp k 
= a a 2a 
VxB dp a6 az 
B, pBy Bz 


The volume element is dV = pdpdd¢dz 


The Euler equation for a fluid with conservative body forces is 


dv 


1 
—=F--V 
dt m . 
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